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ON DUALITY OF DIAMETER 2 PROPERTIES
RAINIS HALLER, JOHANN LANGEMETS, AND MA¨RT PO˜LDVERE
Abstract. It is known that a Banach space has the strong di-
ameter 2 property (i.e. every convex combination of slices of the
unit ball has diameter 2) if and only if the norm on its dual space
is octahedral (a notion introduced by Godefroy and Maurey). We
introduce two more versions of octahedrality, which turn out to
be dual properties to the diameter 2 property and its local version
(i.e., respectively, every relatively weakly open subset and every
slice of the unit ball has diameter 2). We study stability proper-
ties of different types of octahedrality, which, by duality, provide
easier proofs of many known results on diameter 2 properties.
1. Introduction
All Banach spaces considered in this paper are nontrivial and over
the real field. First let us fix some notation. Let X be a Banach space.
The closed unit ball of X is denoted by BX and its unit sphere by SX .
The dual space of X is denoted by X∗. By a slice of BX we mean a
set of the form
S(x∗, α) = {x ∈ BX : x∗(x) > 1− α},
where x∗ ∈ SX∗ and α > 0.
According to the terminology in [1], a Banach space X has the
• local diameter 2 property if every slice of BX has diameter 2;
• diameter 2 property if every nonempty relatively weakly open
subset of BX has diameter 2;
• strong diameter 2 property if every convex combination of slices
of BX has diameter 2, i.e. the diameter of
∑n
i=1 λiSi is 2, when-
ever n ∈ N, λ1, . . . , λn ≥ 0 with
∑n
i=1 λi = 1, and S1, . . . , Sn
are slices of BX .
The question whether the three diameter 2 properties are really dif-
ferent, remained open in [1]. However, by now it is known that they are
distinguishable. On the one hand, the diameter 2 property clearly im-
plies the local diameter 2 property, and the strong diameter 2 property
implies the diameter 2 property. This follows directly from Bourgain’s
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lemma [8, Lemma II.1 p. 26], which asserts that every nonempty rela-
tively weakly open subset of BX contains some convex combination of
slices.
An important consequence of the investigation in [2] by Acosta, Be-
cerra Guerrero and Lo´pez Pe´rez is that the strong diameter 2 property
is absent on p-sums of Banach spaces for 1 < p < ∞. (The latter
result was independently obtained in the Master’s Thesis of the second
named author, defended at the University of Tartu in June 2012 (see
also [11]).) Since the diameter 2 property is stable by taking ℓp-sums
for all 1 ≤ p ≤ ∞ [1], this affirms that the strong diameter 2 property
is essentially different from the (local) diameter 2 property.
On the other side, in a recent preprint [5], Becerra Guerrero, Lo´pez
Pe´rez, and Rueda Zoido constructed a Banach space enjoying the local
diameter 2 property but lacking the 2 property; moreover, the unit
ball of this space contains nonempty relatively weakly open subsets
with arbitrarily small diameters.
If X is a dual space, then slices of BX whose defining functional
comes from (the canonical image of) the predual of X are called weak∗
slices of BX . A natural question to ask is whether diameter 2 proper-
ties of a dual space remain the same properties if, instead of all slices
or relatively weakly open subsets, one considers only weak∗ slices or
relatively weak∗ open subsets.
Example 1.1. Every convex combination of weak∗ slices of BC[0,1]∗ has
diameter 2 (this follows by observing that every weak∗ slice of BC[0,1]∗
contains infinitely many different functionals arising via integrating
against a measure supported at a singleton); however, BC[0,1]∗ has slices
with arbitrarily small diameter (to see this, observe that C[0, 1]∗ ∼=
ℓ1([0, 1])⊕1 C[0, 1]∗, and ℓ1([0, 1]) has the Radon–Nikody´m property).
Example 1.1 suggests that it makes sense to consider also the weak∗
versions of the diameter 2 properties.
Definition 1.1. Let X be a Banach space. We say that X∗ has the
• weak∗ local diameter 2 property if every weak∗ slice of BX∗ has
diameter 2;
• weak∗ diameter 2 property if every nonempty relatively weak∗
open subset of BX∗ has diameter 2;
• weak∗ strong diameter 2 property if every convex combination
of weak∗ slices of BX∗ has diameter 2.
The following relationship between the diameter 2 properties is straight-
forward to verify.
Proposition 1.1. A Banach space X has the local diameter 2 property
(respectively, the diameter 2 property, the strong diameter 2 property)
if and only if X∗∗ has the weak∗ local diameter 2 property (respectively,
weak∗ diameter 2 property, weak∗ strong diameter 2 property).
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In the present paper, we study the weak∗ diameter 2 properties more
deeply. The starting point of our investigations is the following result
by Deville (cf. [6, Proposition 3]).
Proposition 1.2. If the norm on X is octahedral, then X∗ has the
weak∗ strong diameter 2 property.
Remark. Deville’s assertion is, in fact, that
∑n
i=1 1/nS
∗
i has diame-
ter 2 whenever n ∈ N and S∗1 , . . . , S∗n are weak∗ slices of BX∗ . It
is straightforward to verify that the latter is equivalent to the weak∗
strong diameter 2 property of X∗.
Likewise, a Banach space X has the strong diameter 2 property
if (and only if)
∑n
i=1 1/nSi has diameter 2 whenever n ∈ N and
S1, . . . , Sn are slices of BX .
The reverse implication of Proposition 1.2 stays unproven in [6] (see
[6, Remark (c) after Proposition 3]). However, Godefroy (cf. [9, p. 12])
marks without an explanation that the norm on a Banach space X is
octahedral if and only if X∗ has the weak∗ strong diameter 2 property.
In what follows, we present a simple direct proof of this fact (see The-
orem 3.5). An alternative proof can be found in a very recent preprint
[4].
Let us summarize the results of the paper.
In Section 2, we introduce two more octahedrality-type properties of
the norm, which correspond to the (weak∗) local diameter 2 property
and to the (weak∗) diameter 2 property, respectively. We also provide
equivalent reformulations for different types of octahedrality, which are
often more convenient to use.
Relationship between weak∗ diameter 2 properties and the corre-
sponding octahedrality properties is established in Section 3 (Theo-
rems 3.1, 3.3, and 3.5). As a consequence of Proposition 1.1, our char-
acterizations of the weak* diameter 2 properties lead to dual charac-
terizations of the corresponding diameter 2 properties (Theorems 3.2,
3.4, 3.6). We also show that diameter 2 properties may be considered
as sort of extension properties.
In Section 4, we study stability properties of different types of octahe-
drality. This section is motivated by the idea to provide octahedrality-
based approach to known stability results on diameter 2 properties.
We are convinced that in many cases this method is more convenient
and preferable.
2. Octahedrality
Definition 2.1 (see [9] and [7], cf. [6]). Let X be a Banach space.
The norm on X is octahedral if, for every finite-dimensional subspace
E of X and every ε > 0, there is a y ∈ SX such that
‖x+ y‖ ≥ (1− ε)(‖x‖+ ‖y‖) for all x ∈ E.
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Whenever it makes no confusion, throughout the paper, spaces whose
norm is octahedral, will also be called octahedral for simplicity.
Octahedral norms were introduced by Godefroy and Maurey [10] (see
also [9]) in order to characterize Banach spaces containing an isomor-
phic copy of ℓ1. The connection of octahedral norms to the subject
appears probably first in Deville’s paper [6, Proposition 3] (see Propo-
sition 1.2). In Theorems 3.5 and 3.6 below, we expose the duality
between octahedrality and the strong diameter 2 property.
In order to characterize spaces whose dual has the weak∗ local di-
ameter 2 property or the weak∗ diameter 2 property, we introduce two
more octahedrality-type properties of the norm.
Definition 2.2. Let X be a Banach space. We say that (the norm on)
X is
• locally octahedral if, for every x ∈ X and every ε > 0, there is
a y ∈ SX such that
‖sx+ y‖ ≥ (1− ε)(|s|‖x‖+ ‖y‖) for all s ∈ R;
• weakly octahedral if, for every finite-dimensional subspace E
of X , every x∗ ∈ BX∗ , and every ε > 0, there is a y ∈ SX such
that
‖x+ y‖ ≥ (1− ε)(|x∗(x)|+ ‖y‖) for all x ∈ E.
Remark. Clearly, every weakly octahedral Banach space is locally oc-
tahedral, and every octahedral Banach space is weakly octahedral.
Note that a locally octahedral Banach spaceX is infinite-dimensional.
Indeed, for a finite-dimensional X 6= {0}, there exists a weak∗ slice
S(x, α) of BX∗ , whose diameter is less than α. IfX is locally octahedral,
then ‖x± y‖ ≥ 2−α for some y ∈ SX , and therefore x∗1(x+ y) ≥ 2−α
and x∗2(x− y) ≥ 2− α for some x∗1, x∗2 ∈ SX∗ . It follows that
x∗1(x), x
∗
2(x), x
∗
1(y), −x∗2(y) > 1− α,
thus x∗1, x
∗
2 ∈ S(x, α), and
α > ‖x∗1 − x∗2‖ ≥ x∗1(y)− x∗2(y) ≥ 2− 2α.
Since α may be taken arbitrarily small, this leads to a contradiction.
In the following Propositions 2.1–2.4, we point out some equivalent
but sometimes more convenient formulations of octahedrality.
Proposition 2.1. Let X be a Banach space. The following assertions
are equivalent:
(i) X is locally octahedral;
(ii) whenever x ∈ SX and ε > 0, there is a y ∈ SX such that
(2.1) ‖x± ty‖ ≥ (1− ε)(‖x‖+ t) for all t > 0;
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(iii) whenever x ∈ SX and ε > 0, there is a y ∈ SX such that
‖x± y‖ ≥ 2− ε.
Proof. (i)⇔(ii)⇒(iii) is obvious.
(iii)⇒(ii). Assume that (iii) holds. Let x ∈ SX and let ε > 0. By
(iii), pick any y ∈ SX with ‖x ± y‖ ≥ 2 − ε. We show that y satisfies
(2.1). Suppose that t > 0. Then
‖x± ty‖ ≥ max{1, t}‖x± y‖−(max{1, t} −min{1, t})
≥ max{1, t}(1− ε) + min{1, t}
= 1 + t−max{1, t}ε
≥ (1 + t)(1− ε).
Thus y satisfies (2.1). 
Proposition 2.2. Let X be a Banach space. The following assertions
are equivalent:
(i) X is weakly octahedral;
(ii) whenever E is a finite-dimensional subspace of X, x∗ ∈ BX∗ ,
and ε > 0, there is a y ∈ SX such that
‖x+ ty‖ ≥ (1− ε)(|x∗(x)|+ t) for all x ∈ SE and t > 0;
(ii’) whenever n ∈ N, x1, . . . , xn ∈ SX , x∗ ∈ BX∗ , and ε > 0, there
is a y ∈ SX such that
‖xi + ty‖ ≥ (1− ε)
(|x∗(xi)|+ t) for all i ∈ {1, . . . , n} and t > 0;
(iii) whenever n ∈ N, x1, . . . , xn ∈ SX , x∗ ∈ BX∗ , and ε > 0, there
is a y ∈ SX such that
‖xi + ty‖ ≥ (1− ε)
(|x∗(xi)|+ t) for all i ∈ {1, . . . , n} and t ≥ ε.
Proof. (i)⇔(ii)⇒(ii’)⇒(iii) is obvious.
(iii)⇒(ii). Assume that (iii) holds. Let E be a nontrivial finite-
dimensional subspace of X , let x∗ ∈ BX∗ , and let 0 < ε < 1. Pick
δ > 0 satisfying ε ≥ (2 − ε)δ, and γ > 0 satisfying γ(2 − δ) ≤ δ2. Let
A ⊂ SE be a finite γ-net for SE . By (iii), there is a y ∈ SX satisfying
‖z + ty‖ ≥ (1− δ)(|x∗(z)|+ t) for all z ∈ A and all t ≥ δ.
Let x ∈ SE and t > 0 be arbitrary. First suppose that t ≤ δ. In this
case, observing that −δ ≥ −ε+ δ− εδ, i.e. 1− δ ≥ (1− ε)(1 + δ), and
thus also 1− δ ≥ (1− ε)(1 + t),
‖x+ ty‖ ≥ 1− δ ≥ (1− ε)(1 + t) ≥ (1− ε)(|x∗(x)|+ t).
Now consider the case t ≥ δ. Letting z ∈ A be such that ‖x− z‖ < γ,
one has
‖x+ ty‖ ≥ ‖z + ty‖ − γ ≥ (1− δ)(|x∗(z)| + t)− γ
≥ (1− δ)(|x∗(x)|+ t)− γ(1− δ)− γ.
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Since t ≥ δ, one has
γ(1− δ) + γ = γ(2− δ) ≤ δ2 ≤ δ(|x∗(x)| + t),
and it follows that
‖x+ ty‖ ≥ (1− 2δ)(|x∗(x)|+ t) ≥ (1− 2ε)(|x∗(x)|+ t).

Proposition 2.3. Let X be a Banach space. The following assertions
are equivalent:
(i) X∗ is weakly octahedral;
(ii) whenever E is a finite-dimensional subspace of X∗, x ∈ BX ,
and ε > 0, there is a y∗ ∈ SX∗ such that
‖x∗ + y∗‖ ≥ (1− ε)(|x∗(x)|+ ‖y∗‖) for all x∗ ∈ E;
(iii) whenever n ∈ N, x∗1, . . . , x∗n ∈ SX∗, x ∈ BX , and ε > 0, there
is a y∗ ∈ SX∗ such that
‖x∗i + ty∗‖ ≥ (1− ε)
(|x∗i (x)|+ t) for all i ∈ {1, . . . , n} and t ≥ ε.
Proof. (i)⇒(ii)⇒(iii) is obvious.
(iii)⇒(ii) is similar to (iii)⇒(ii) in the proof of Proposition 2.2.
(ii)⇒(i). This is a standard use of the principle of local reflexivity.
Alternatively, one may use an appropriate ε-net for SE and Goldstine’s
theorem. 
Proposition 2.4. Let X be a Banach space. The following assertions
are equivalent:
(i) X is octahedral;
(ii) whenever E is a finite-dimensional subspace of X and ε > 0,
there is a y ∈ SX such that
(2.2) ‖x+ ty‖ ≥ (1− ε)(‖x‖+ t) for all x ∈ SE and t > 0;
(ii’) whenever n ∈ N, x1, . . . , xn ∈ SX , and ε > 0, there is a y ∈ SX
such that
‖xi + ty‖ ≥ (1− ε)
(‖xi‖+ t) for all i ∈ {1, . . . , n} and t > 0;
(iii) whenever n ∈ N, x1, . . . , xn ∈ SX , and ε > 0, there is a y ∈ SX
such that
‖xi + y‖ ≥ 2− ε for all i ∈ {1, . . . , n}.
Proof. (i)⇔(ii)⇒(ii’)⇒(iii) is obvious.
(iii)⇒(ii’) is similar to (iii)⇒(ii) in the proof of Proposition 2.1.
(ii’)⇒(ii). Assume that (ii’) holds. Let E be a nontrivial finite-
dimensional subspace of X and let ε > 0. We shall show that there is
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a y ∈ SX satisfying (2.2). Let A ⊂ SX be a finite ε/2-net for SE . By
(ii’), there is a y ∈ SX satisfying
‖z + ty‖ ≥ (1− ε
2
)(‖z‖ + t) for all z ∈ A and t > 0.
Let x ∈ SX and t > 0 be arbitrary. Letting z ∈ A be such that
‖x− z‖ < ε/2, one has
‖x+ ty‖ ≥ ‖z + ty‖ − ‖x− z‖
≥ (1− ε
2
)(1 + t)− ε
2
≥ (1− ε)(1 + t).

3. Criteria for weak∗ diameter 2 properties
In this section, the duality between diameter 2 properties and octa-
hedrality is established. We also show that one may think of diameter
2 properties as sort of extension properties.
Theorem 3.1. Let X be a Banach space. The following assertions are
equivalent:
(i) X∗ has the weak∗ local diameter 2 property;
(ii) X is locally octahedral;
(iii) for every x ∈ SX , every α ∈ [−1, 1], every ε > 0, and every
ε0 ∈ (0, ε), there is a y ∈ SX such that, whenever |γ| ≤ 1 + ε0,
there is a y∗ ∈ X∗ satisfying
y∗(x) = α, y∗(y) = γ, and ‖y∗‖ ≤ 1 + ε;
(iii’) for every x ∈ SX , every α ∈ [−1, 1], and every ε > 0, there are
y ∈ SX and x∗1, x∗2 ∈ X∗ satisfying
x∗1(x) = x
∗
2(x) = α, x
∗
1(y)− x∗2(y) > 2− ε,
and ‖x∗1‖, ‖x∗2‖ ≤ 1 + ε;
(iii”) for every x ∈ SX and every ε > 0, there are y ∈ SX and
x∗1, x
∗
2 ∈ X∗ satisfying
x∗1(x) = x
∗
2(x) = 1, x
∗
1(y)− x∗2(y) > 2− ε,
and ‖x∗1‖, ‖x∗2‖ ≤ 1 + ε.
Proof. (i)⇒(ii). Assume that (i) holds. Let x ∈ SX and let ε > 0.
By (i), there are x∗1, x
∗
2 ∈ BX∗ and y ∈ SX such that
x∗1(x), x
∗
2(x) > 1− ε and x∗1(y)− x∗2(y) > 2− ε.
By (the equivalence (i)⇔(iii) of) Proposition 2.1, it suffices to show
that
‖x± y‖ ≥ 2− 2ε.
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Since x∗1(x), x
∗
2(x) > 1− ε and x∗1(y),−x∗2(y) > 1− ε, it follows that
‖x+ y‖ ≥ x∗1(x+ y) > 2− 2ε
and
‖x− y‖ ≥ x∗2(x− y) > 2− 2ε.
(ii)⇒(iii). Assume that (ii) holds. Let x ∈ SX , let α ∈ [−1, 1], and
let 0 < ε0 < ε. Choose y ∈ SX to satisfy
‖sx+ y‖ ≥ 1 + ε0
1 + ε
(|s|+ ‖y‖) for all s ∈ R.
Now let |γ| ≤ 1 + ε0. Defining g ∈
(
span{x, y})∗ by
g(x) = α, g(y) = γ,
one has, for all s ∈ R,∣∣g(sx+ y)∣∣ ≤ |s||α|+ |γ| ≤ (1 + ε0)(|s|+ ‖y‖) ≤ (1 + ε)‖sx+ y‖,
hence ‖g‖ ≤ 1 + ε. The desired y∗ can be defined to be any norm-
preserving extension to X of g.
(iii)⇒(iii’)⇒(iii”) is obvious.
(iii”)⇒(i). Let x ∈ SX and ε > 0 be arbitrary, and let y ∈ SX and
x∗1, x
∗
2 ∈ X∗ be as in (iii”). It suffices to observe that x
∗
1
1+ε
,
x∗
2
1+ε
∈ BX∗ ,∥∥∥∥ x
∗
1
1 + ε
− x
∗
2
1 + ε
∥∥∥∥ >
∣∣x∗1(y)− x∗2(y)∣∣
1 + ε
>
2− ε
1 + ε
,
and, for all i ∈ {1, 2},
x∗i
1 + ε
(x) =
1
1 + ε
.

The following theorem is an obvious consequence of Proposition 1.1
and Theorem 3.1.
Theorem 3.2. Let X be a Banach space. The following assertions are
equivalent:
(i) X has the local diameter 2 property;
(ii) X∗ is locally octahedral.
Theorem 3.3. Let X be a Banach space. The following assertions are
equivalent:
(i) X∗ has the weak∗ diameter 2 property;
(ii) X is weakly octahedral;
(iii) for every finite-dimensional subspace E of X, every x∗ ∈ BX∗ ,
every ε > 0, and every ε0 ∈ (0, ε), there is a y ∈ SX such that,
whenever |γ| ≤ 1 + ε0, there is a y∗ ∈ X∗ satisfying
y∗|E = x∗|E, y∗(y) = γ, and ‖y∗‖ ≤ 1 + ε.
8
(iii’) for every finite-dimensional subspace E of X, every x∗ ∈ BX∗ ,
and every ε > 0, there are y ∈ SX and x∗1, x∗2 ∈ X∗ satisfying
x∗1|E = x∗2|E = x∗|E, x∗1(y)− x∗2(y) > 2− ε,
and ‖x∗1‖, ‖x∗2‖ ≤ 1 + ε;
Proof. (i)⇒(ii). Assume that (i) holds. Let x1, . . . , xn ∈ SX (n ∈ N),
let x∗ ∈ BX∗ , and let 0 < ε < 1. Pick δ ∈ (0, ε2) satisfying δ < ε |x∗(xi)|
for all i ∈ {1, . . . , n} with |x∗(xi)| 6= 0. By (i), there are u∗, v∗ ∈ BX∗
and y ∈ SX such that∣∣u∗(xi)−x∗(xi)∣∣ < δ and ∣∣v∗(xi)−x∗(xi)∣∣ < δ for all i ∈ {1, . . . , n},
and
v∗(y)− u∗(y) > 2− ε.
Since v∗(y) ≤ 1 and u∗(y) ≥ −1, it follows that v∗(y) > 1 − ε and
u∗(y) < −1+ε. Let i ∈ {1, . . . , n} and t ≥ ε be arbitrary. If x∗(xi) 6= 0,
then, choosing z∗ ∈ {u∗, v∗} so that x∗(xi) and z∗(y) (and thus also
z∗(xi) and z
∗(y)) have the same sign, one has
‖xi + ty‖ ≥
∣∣z∗(xi) + tz∗(y)∣∣ = |z∗(xi)|+ t|z∗(y)|
≥ |x∗(xi)| − |x∗(xi)− z∗(xi)|+ t|z∗(y)|
≥ |x∗(xi)| − ε|x∗(xi)|+ (1− ε)t
= (1− ε)(|x∗(xi)|+ t).
If x∗(xi) = 0, then
‖xi + ty‖ ≥
∣∣u∗(xi) + tu∗(y)∣∣ ≥ t|u∗(y)| − |u∗(xi)|
≥ (1− ε)t− ε2 ≥ (1− ε)t− tε = (1− 2ε)(|x∗(xi)|+ t),
and it follows that X is weakly octahedral.
(ii)⇒(iii). Assume that (ii) holds. Let E be a finite-dimensional
subspace of X , let x∗ ∈ BX∗ , and let 0 < ε0 < ε. Choose y ∈ SX to
satisfy
|x∗(x)|+ |t| ≤ 1 + ε
1 + ε0
‖x+ ty‖ for all x ∈ E and all t ∈ R.
Letting γ ∈ [−1 − ε0, 1 + ε0], and defining g ∈
(
span(E ∪ {y}))∗ by
g|E = x∗|E and g(y) = γ, it suffices to show that ‖g‖ ≤ 1+ ε (because,
in this case, one may define the desired y∗ ∈ X∗ to be any norm-
preserving extension of g). To this end, it remains to observe that,
whenever x ∈ E and t ∈ R,
|g(x+ ty)| ≤ |x∗(x)| + |t| |γ| ≤ (1 + ε0)(|x∗(x)|+ |t|)
≤ (1 + ε)‖x+ ty‖.
(iii)⇒(iii’) is obvious.
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(iii’)⇒(i). Let x∗ ∈ BX∗ , let x1, . . . , xn ∈ SX (n ∈ N), and let ε > 0.
Put E := span{x1, . . . , xn}, and let y ∈ SX and x∗1, x∗2 ∈ X∗ be as in
(iii’). It suffices to observe that
x∗
1
1+ε
,
x∗
2
1+ε
∈ BX∗ ,∥∥∥∥ x
∗
1
1 + ε
− x
∗
2
1 + ε
∥∥∥∥ ≥ |x
∗
1(y)− x∗2(y)|
1 + ε
>
2− ε
1 + ε
,
and, for all i ∈ {1, . . . , n} and j ∈ {1, 2},∣∣∣∣x∗(xi)− x
∗
j
1 + ε
(xi)
∣∣∣∣ =
∣∣∣∣x∗(xi)− x
∗(xi)
1 + ε
∣∣∣∣ = ε1 + ε |x∗(xi)| < ε.

The following theorem is an obvious consequence of Proposition 1.1
and Theorem 3.3.
Theorem 3.4. Let X be a Banach space. The following assertions are
equivalent:
(i) X has the diameter 2 property;
(ii) X∗ is weakly octahedral.
Theorem 3.5. Let X be a Banach space. The following assertions are
equivalent:
(i) X∗ has the weak∗ strong diameter 2 property;
(ii) X is octahedral;
(iii) whenever E is a finite-dimensional subspace of X, n ∈ N,
x∗1, . . . , x
∗
n ∈ BX∗ , ε > 0, and ε0 ∈ (0, ε), there is a y ∈ SX
such that, whenever |γi| ≤ 1 + ε0, i ∈ {1, . . . , n}, there are
y∗i ∈ X∗ satisfying
y∗i |E = x∗i |E, y∗i (y) = γj, and ‖y∗i ‖ ≤ 1+ε for all i ∈ {1, . . . , n};
(iii’) whenever E is a finite-dimensional subspace of X, n ∈ N,
x∗1, . . . , x
∗
n ∈ BX∗, and ε > 0, there are y ∈ SX and x∗1i, x∗2i ∈ X∗,
i ∈ {1, . . . , n}, satisfying
x∗1i|E = x∗2i|E = x∗i |E, x∗1i(y)− x∗2i(y) > 2− ε,
and ‖x∗1i‖, ‖x∗2i‖ ≤ 1 + ε for all i ∈ {1, . . . , n}.
Proof. The equivalence (i)⇔(ii) was pointed out in [9, p. 12]. Since no
details of the proof were given in [9], we include the proof for complete-
ness.
(i)⇒(ii). Assume that (i) holds. Let x1, . . . , xn ∈ SX (n ∈ N) and
let ε > 0. By (i), for every i ∈ {1, . . . , n}, there are x∗1i, x∗2i ∈ BX∗ and
y ∈ SX such that
x∗1i(xi), x
∗
2i(xi) > 1− ε and
1
n
n∑
i=1
(
x∗1i(y)− x∗2i(y)
)
> 2− ε
n
.
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For every i ∈ {1, . . . , n}, since x∗1i(y) > 1− ε, one has
‖xi + y‖ ≥ x∗1i(xi + y) > 2− 2ε,
and X is octahedral by (the equivalence (i)⇔(iii) of) Proposition 2.4.
(ii)⇒(iii). Assume that (ii) holds. Let E ⊂ X be a finite-dimensional
subspace, let n ∈ N, let x∗1, . . . , x∗n ∈ B∗X , and let 0 < ε0 < ε. Choose
y ∈ SX to satisfy
‖x+ ty‖ ≥ 1 + ε0
1 + ε
(‖x‖+ t) for all x ∈ SE and t > 0.
Now let |γi| ≤ 1 + ε0, i ∈ {1, . . . , n}. For every i ∈ {1, . . . , n}, defining
gi ∈
(
span
(
E ∪ {y}))∗ by
gi|E = x∗i |E, gi(y) = γi,
one has, for all x ∈ SE and t > 0,∣∣gi(x+ ty)∣∣ ≤ |x∗i (x)|+ t|γi| ≤ (1 + ε0)(|x∗i (x)|+ t) ≤ (1 + ε)‖x+ ty‖,
hence ‖gi‖ ≤ 1 + ε. The desired y∗1, . . . , y∗n can be defined to be any
norm-preserving extension to X of g1, . . . , gn, respectively.
(iii)⇒(iii’) is obvious.
(iii’)⇒(i). Let n ∈ N, let x1, . . . , xn ∈ SX , let λ1, . . . , λn ≥ 0,∑n
i=1 λi = 1, and let ε > 0. For every i ∈ {1, . . . , n}, choose x∗i ∈ BX∗ ,
so that x∗i (xi) > 1 − ε, and let y ∈ SX and x∗11, x∗21, . . . , x∗1n, x∗2n ∈ X∗
as in (iii’), where E = span{x1, . . . , xn}. It suffices to observe that, for
all i ∈ {1, . . . , n} and j ∈ {1, 2}, one has x
∗
ji
1+ε
∈ BX∗ ,
x∗ji
1 + ε
(xi) =
x∗i (xi)
1 + ε
>
1− ε
1 + ε
,
and
∥∥∥∥
n∑
i=1
λi
x∗1i
1 + ε
−
n∑
i=1
λi
x∗2i
1 + ε
∥∥∥∥ >
∣∣∣∑nj=1 λj(x∗1i(y)− x∗2i(y)
)∣∣∣
1 + ε
>
2− ε
1 + ε
.

The following theorem is an obvious consequence of Proposition 1.1
and Theorem 3.5.
Theorem 3.6. Let X be a Banach space. The following assertions are
equivalent:
(i) X has the strong diameter 2 property;
(ii) X∗ is octahedral.
In [7, Theorem III.2.5], it was shown that a Banach space has an
equivalent octahedral norm if and only if it contains an isomorphic
copy of ℓ1.
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Corollary 3.7. If a Banach space X has the strong diameter 2 prop-
erty, then X∗ contains a subspace isomorphic to ℓ1.
4. Stability results
We begin by recalling that the (local) diameter 2 property is stable
by taking ℓp-sums not only if p = 1 and p = ∞, but surprisingly for
all 1 ≤ p ≤ ∞ (see [1], [13], and [3]). (Some further development was
carried out in [2] where, instead of p-sums, product spaces with absolute
norm were considered.) If 1 < p < ∞, then p-sums of Banach spaces
lack the strong diameter 2 property (see [2]; see also [11]). However,
if p = 1 or p = ∞, then the p-sum may have the strong diameter 2
property (see e.g. [1, Theorem 2.7, (iii), and Proposition 4.6] and [2,
Proposition 3.1]).
The following proposition is our main stability result for locally oc-
tahedral spaces.
Proposition 4.1. Let X and Y be Banach spaces.
(a) If X is locally octahedral, then X ⊕1 Y is locally octahedral.
(b) If X and Y are locally octahedral, and 1 < p ≤ ∞, then X⊕pY
is locally octahedral.
(c) If X ⊕p Y is locally octahedral, where 1 < p ≤ ∞, then X is
locally octahedral.
Remark. Note that Proposition 4.1, (c), fails if we take p = 1. Indeed,
by part (a) of Proposition 4.1, ℓ1⊕1R is locally octahedral, but R fails
to be locally octahedral.
Proof. (a). Assume that X is locally octahedral. Fix (x, y) ∈ SX⊕1Y
and ε > 0. By our assumption, there exists a u ∈ SX such that
‖x± u‖ ≥ (1− ε)(‖x‖ + 1).
Hence, ∥∥(x, y)± (u, 0)∥∥
1
≥ (1− ε)(‖x‖+ 1)+ ‖y‖ ≥ 2− 2ε.
Thus X ⊕1 Y is locally octahedral.
(b). Assume that X and Y are locally octahedral, and let 1 <
p ≤ ∞. Let (x, y) ∈ SX⊕pY and let 0 < ε < 1. It suffices to find a
(u, v) ∈ SX⊕pY such that
‖(x, y)± (u, v)‖p ≥ 2− 2ε.
We may (and do) assume that x 6= 0 and y 6= 0. By our assumption,
there exist u˜ ∈ SX and v˜ ∈ SY such that
‖x+ tu˜‖ ≥ (1− ε)(‖x‖+ |t|) for all t ∈ R
and
‖y + tv˜‖ ≥ (1− ε)(‖y‖+ |t|) for all t ∈ R.
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If 1 < p <∞, it follows that∥∥∥x± ‖x‖u˜∥∥∥p + ∥∥∥y ± ‖y‖v˜∥∥∥p ≥ (1− ε)p 2p.
This completes the proof for 1 < p < ∞, because one may take u =
‖x‖u˜ and v = ‖y‖v˜.
If p =∞, one may take u = u˜ and v = v˜ because∥∥(x, y)± (u˜, v˜)∥∥
∞
= max
{‖x± u˜‖, ‖y ± v˜‖}
≥ (1− ε)(max{‖x‖, ‖y‖}+ 1)
= 2− 2ε.
(c). Assume that X ⊕p Y is locally octahedral, where 1 < p ≤ ∞.
Let x ∈ SX and let 0 < ε < 1. Since
∥∥(x, 0)∥∥
p
= 1, whenever δ > 0,
there exists a (u, v) ∈ SX⊕pY such that
(4.1)
∥∥(x± u, v)∥∥
p
≥ 2− δ.
It suffices to show that (4.1) with δ small enough implies that
(4.2) ‖x± u‖ ≥ 2− ε,
because, in this case, ‖u‖ ≥ 1− ε, thus∥∥∥∥x± u‖u‖
∥∥∥∥ ≥ ‖x± u‖ − (1− ‖u‖) ≥ 2− 2ε,
and it follows that X is locally octahedral.
If p = ∞, (4.1) means that max{‖x ± u‖, ‖v‖} ≥ 2 − δ. Since
‖v‖ ≤ 1, taking δ = ε implies (4.2).
If 1 < p < ∞, (4.1) means that ‖x ± u‖p + ‖v‖p ≥ (2 − δ)p. Since
‖u‖p + ‖v‖p = 1, this implies that
(4.3) ‖x± u‖p ≥ (2− δ)p − (1− ‖u‖p),
thus it suffices to show that ‖u‖ is as close to 1 as we want whenever
δ is small enough. The latter is true because, by (4.3),
(1 + ‖u‖)p − ‖u‖p ≥ (2− δ)p − 1,
and the function f : [0, 1]→ R, f(t) = (1+t)p−tp, is strictly increasing
with limt→1 f(t) = 2
p − 1. 
Proposition 4.1 combined, respectively, with Theorems 3.2 and 3.1
immediately gives the corresponding stability results for the local di-
ameter 2 property and for the weak∗ local diameter 2 property. These
results for the local diameter 2 property are known, but our method
provides an alternative approach.
Corollary 4.2. Let X and Y be Banach spaces.
(a) If X has the local diameter 2 property, then X ⊕∞ Y has the
local diameter 2 property (cf. [1, Theorem 3.2], see also [2,
Proposition 2.4]).
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(b) If X and Y have the local diameter 2 property, and 1 ≤ p <∞,
then X ⊕p Y has the local diameter 2 property (see [1, Theo-
rem 3.2], see also [2, Proposition 2.4]).
(c) If X ⊕p Y has the local diameter 2 property, where 1 ≤ p <
∞, then X has the local diameter 2 property (see [2, Proposi-
tion 2.5]).
Corollary 4.3. Let X and Y be Banach spaces.
(a) If X∗ has the weak∗ local diameter 2 property, then (X ⊕1 Y )∗
has the weak∗ local diameter 2 property.
(b) If X∗ and Y ∗ have the weak∗ local diameter 2 property, and
1 < p ≤ ∞, then (X ⊕p Y )∗ has the weak∗ local diameter 2
property.
(c) If (X ⊕p Y )∗ has the weak∗ local diameter 2 property, where
1 < p ≤ ∞, then X∗ has the weak∗ local diameter 2 property.
The following proposition is our main stability result for weakly oc-
tahedral spaces.
Proposition 4.4. Let X and Y be Banach spaces.
(a) If X is weakly octahedral, then X ⊕1 Y is weakly octahedral.
(b) If X and Y are weakly octahedral, and 1 < p ≤ ∞, then X⊕pY
is weakly octahedral.
(c) If X ⊕p Y is weakly octahedral, where 1 < p ≤ ∞, then X is
weakly octahedral.
Proof. (a). Assume that X is weakly octahedral. Let E and F be
finite-dimensional subspaces of X and Y , respectively, let (x∗, y∗) ∈
BX∗⊕∞Y ∗ , and let ε > 0. It suffices to show that there exists a (u, v) ∈
SX⊕1Y such that, for all x ∈ E, all y ∈ F , and all t ∈ R, one has∥∥(x, y) + t(u, v)∥∥
1
≥ (1− ε)(|x∗(x) + y∗(y)|+ |t|).
By our assumption, there exists a u ∈ SX such that
‖x+ tu‖ ≥ (1− ε)(|x∗(x)|+ |t|) for all x ∈ E and all t ∈ R,
One has, for all x ∈ E, all y ∈ F , and all t ∈ R,∥∥(x, y) + t(u, 0)∥∥ = ‖x+ tu‖+ ‖y‖
≥ (1− ε)(|x∗(x)|+ |t|)+ ‖y‖
≥ (1− ε)(|x∗(x) + y∗(y)|+ |t|).
Thus X ⊕1 Y is weakly octahedral.
(b). Assume that X and Y are weakly octahedral, and let 1 <
p ≤ ∞. Let E and F be finite-dimensional subspaces of X and Y ,
respectively, let (x∗, y∗) ∈ SX∗⊕qY ∗ , where q is the conjugate exponent
of p (i.e., 1/p + 1/q = 1 if 1 < p < ∞, and q = 1 if p = ∞), and let
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0 < ε < 1. It suffices to find a (u, v) ∈ SX⊕pY such that for all x ∈ E,
all y ∈ F , and all t ∈ R, one has∥∥(x, y) + t (u, v)∥∥
p
≥ (1− ε)(|x∗(x) + y∗(y)|+ |t|).
We may (and do) assume that x∗ 6= 0 and y∗ 6= 0.
By our assumption, there exist u˜ ∈ SX and v˜ ∈ SY such that
‖x+ tu˜‖ ≥ (1− ε)
( |x∗(x)|
‖x∗‖ + |t|
)
for all x ∈ E and all t ∈ R,
and
‖y + tv˜‖ ≥ (1− ε)
( |y∗(y)|
‖y∗‖ + |t|
)
for all y ∈ F and all t ∈ R.
If 1 < p < ∞, take u = ‖x∗‖q−1u˜ and v = ‖y∗‖q−1v˜, and observe
that, for all x ∈ E, all y ∈ F , and all t ∈ R,
1
(1− ε)p
(‖x+ tu‖p + ‖y + tv‖p)
≥
( |x∗(x)|
‖x∗‖ + ‖x
∗‖q−1|t|
)p
+
( |y∗(y)|
‖y∗‖ + ‖y
∗‖q−1|t|
)p
= ‖x∗‖q
( |x∗(x)|
‖x∗‖q + |t|
)p
+ ‖y∗‖q
( |y∗(y)|
‖y∗‖q + |t|
)p
≥
(
‖x∗‖q |x
∗(x)|
‖x∗‖q + ‖y
∗‖q |y
∗(y)|
‖y∗‖q + |t|
)p
=
(|x∗(x)|+ |y∗(y)|+ |t|)p.
The last inequality holds because the function [0,∞) → R, s 7→ (s +
|t|)p is convex for any fixed t ∈ R.
If p =∞, take u = u˜ and v = v˜, and observe that, for all x ∈ E, all
y ∈ F , and all t ∈ R,
1
(1− ε) max
{‖x+ tu‖, ‖y + tv‖}
≥ 1
(1− ε)
(
‖x∗‖ ‖x+ tu‖+ ‖y∗‖ ‖y + tv‖
)
≥ ‖x∗‖
( |x∗(x)|
‖x∗‖ + |t|
)
+ ‖y∗‖
( |y∗(y)|
‖y∗‖ + |t|
)
= |x∗(x)| + |y∗(y)|+ |t|.
(c). Assume that X ⊕p Y is weakly octahedral, where 1 < p ≤ ∞.
Let E be a finite-dimensional subspace of X , let x∗ ∈ SX∗ , and let
0 < ε < 1. Choose δ > 0 to satisfy (1 + δ)q − (1 − δ)q < εq, where q
is the conjugate exponent of p. By enlarging E if necessary, we may
assume that ‖x∗|E‖ ≥ 1−δ (notice that X must be infinite-dimensional
by Proposition 4.1, (c), and Remark 2). By (the equivalence (ii)⇔(iii)
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of) Theorem 3.3, there are z ∈ X , y ∈ Y , with ‖(y, z)‖p = 1, and
z∗i ∈ X∗, y∗i ∈ Y ∗, with ‖(z∗i , y∗i )‖q ≤ 1 + δ, i = 1, 2, satisfying
z∗i |E = x∗|E and z∗i (z) + y∗i (y) = (−1)i, i = 1, 2.
Since
‖y∗i ‖q ≤ (1 + δ)q − ‖z∗i ‖q ≤ (1 + δ)q − (1− δ)q < εq, i = 1, 2,
one has |y∗i (y)| < ε, i = 1, 2, and thus z∗2(z) > 1−ε and z∗1(z) < −1+ε.
Now let x ∈ E be arbitrary. Choosing i ∈ {1, 2} so that x∗(x) and z∗i (z)
have the same sign, one has∥∥∥∥x+ z‖z‖
∥∥∥∥ ≥ 11 + ε
∣∣∣∣z∗i (x) + z
∗
i (z)
‖z‖
∣∣∣∣ = 11 + ε
(
|x∗(x)|+ |z
∗
i (z)|
‖z‖
)
≥ 1
1 + ε
(|x∗(x)| + 1− ε) ≥ 1− ε
1 + ε
(|x∗(x)|+ 1),
and it follows that X is weakly octahedral.

Proposition 4.4 combined, respectively, with Theorems 3.4 and 3.3
immediately gives the corresponding stability results for the diameter
2 property and for the weak∗ diameter 2 property. These results for the
diameter 2 property are known, but our method provides an alternative
approach.
Corollary 4.5. Let X and Y be Banach spaces.
(a) If X has the diameter 2 property, then X ⊕∞ Y has the di-
ameter 2 property (see [13, Lemma 2.1], see also [1, Theo-
rem 2.7, (ii), and Theorem 3.2], see also [2, Theorem 2.4]).
(b) If X and Y have the diameter 2 property, and 1 ≤ p <∞, then
X ⊕p Y has the diameter 2 property (see [1, Theorem 3.2], see
also [2, Theorem 2.4]).
(c) If X ⊕p Y has the diameter 2 property, and 1 ≤ p < ∞, then
X has the diameter 2 property (see [2, Proposition 2.5]).
Corollary 4.6. Let X and Y be Banach spaces.
(a) If X∗ has the weak∗ diameter 2 property, then (X ⊕1 Y )∗ has
the weak∗ diameter 2 property.
(b) If X∗ and Y ∗ have the weak∗ diameter 2 property, and 1 < p ≤
∞, then (X ⊕p Y )∗ has the weak∗ diameter 2 property.
(c) If (X⊕pY )∗ has the weak∗ diameter 2 property, and 1 < p ≤ ∞,
then X∗ has the weak∗ diameter 2 property.
The following proposition is our main stability result for octahedral
spaces. It turns out that octahedral spaces are stable under ℓp-sums
only if p = 1 or p =∞.
Proposition 4.7. Let X and Y be Banach spaces.
(a) If X is octahedral, then X ⊕1 Y is octahedral.
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(b) If 1 < p <∞, then X ⊕p Y is not octahedral.
(c) If X and Y are octahedral, then X ⊕∞ Y is octahedral.
(d) If X ⊕∞ Y is octahedral, then X is octahedral.
Proof. (a). Assume that X is octahedral. Let (x1, y1), . . . , (xn, yn) ∈
SX⊕1Y and let ε > 0. By our assumption, there exists a u ∈ SX such
that
‖xi + u‖ ≥ (1− ε)
(‖xi‖+ 1) for all i ∈ {1, . . . , n}.
Hence, for all i ∈ {1, . . . , n},
‖(xi, yi) + (u, 0)‖1 ≥ (1− ε)
(‖xi‖+ 1)+ ‖yi‖ ≥ 2− 2ε.
(b). Let x ∈ SX , y ∈ SY , and let 1 < p < ∞. We shall show that,
for sufficiently small ε > 0, there is no (u, v) ∈ SX⊕pY such that∥∥(x, 0) + (u, v)∥∥
p
≥ 2− ε and ∥∥(0, y) + (u, v)∥∥
p
≥ 2− ε.
If such an element (u, v) existed, then∥∥(x+ u, y + v)∥∥p
p
= ‖x+ u‖p + ‖y + v‖p ≥ 2(2− ε)p − 1.
On the other hand,∥∥(x+ u, y + v)∥∥p
p
≤ (‖(x, y)‖p + ‖(u, v)‖p)p = (21/p + 1)p.
For small ε, we would have a contradiction because
2p+1 − 1 > (21/p + 1)p.
The last inequality is easily obtained from the Minkowski’s inequality
by considering ( p
√
2, 0), (1, 1) ∈ R2.
(c). Assume thatX and Y are octahedral. Let (x1, y1), . . . , (xn, yn) ∈
SX⊕∞Y and let ε > 0. By our assumption, there are u ∈ SX and v ∈ SX
such that
‖xi + u‖ ≥ (1− ε)
(‖xi‖+ 1) for all i ∈ {1, . . . , n},
and
‖yi + v‖ ≥ (1− ε)
(‖yi‖+ 1) for all i ∈ {1, . . . , n}.
Consequently, for all i ∈ {1, . . . , n},∥∥(xi, yi) + (u, v)∥∥∞ = max
{‖xi + u‖, ‖yi + v‖}
≥ (1− ε)(max{‖xi‖, ‖yi‖}+ 1)
= (1− ε)(‖(xi, yi)‖∞ + 1).
(d). Assume that X ⊕∞ Y is octahedral. Let x1, . . . , xn ∈ SX and
let 0 < ε < 1. By our assumption, there exists a (u, v) ∈ SX⊕∞Y such
that
max
{‖xi + u‖, ‖v‖} ≥ 2− ε for all i ∈ {1, . . . , n}.
Since ‖v‖ ≤ 1, we have
‖xi + u‖ ≥ 2− ε for all i ∈ {1, . . . , n}.
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It follows that ‖u‖ ≥ 1− ε. Therefore, for all i ∈ {1, . . . , n},∥∥∥∥xi + u‖u‖
∥∥∥∥ ≥ ‖xi + u‖ − (1− ‖u‖) ≥ 2− 2ε.

Proposition 4.4 combined, respectively, with Theorems 3.6 and 3.5
immediately gives the corresponding stability results for the strong
diameter 2 property and for the weak∗ strong diameter 2 property.
These results for the strong diameter 2 property are known, but our
method provides an alternative approach.
Corollary 4.8. Let X and Y be Banach spaces.
(a) If X has the strong diameter 2 property, then X ⊕∞ Y has the
strong diameter 2 property (see [1, Proposition 4.6]).
(b) If 1 < p < ∞, then X ⊕p Y does not have the strong diameter
2 property (cf. [2, Theorem 3.2], [11, Theorem 1]).
(c) If X and Y have the strong diameter 2 property, then X ⊕1 Y
has the strong diameter 2 property (see [1, Theorem 2.7 (iii)],
see also [3, Lemma 2.1] and [2, Proposition 3.1]).
(d) If X ⊕1 Y has the strong diameter 2 property, then X has the
strong diameter 2 property (see [2, Proposition 3.1]).
Corollary 4.9. Let X and Y be Banach spaces.
(a) If X∗ has the weak∗ strong diameter 2 property, then (X⊕1 Y )∗
has the weak∗ strong diameter 2 property.
(b) If 1 < p < ∞, then (X ⊕p Y )∗ does not have the weak∗ strong
diameter 2 property.
(c) If X∗ and Y ∗ have the weak∗ strong diameter 2 property, then
(X ⊕∞ Y )∗ has the weak∗ strong diameter 2 property.
(d) If (X ⊕∞ Y )∗ has the weak∗ strong diameter 2 property, then
X∗ has the weak∗ strong diameter 2 property.
We denote the annihilator of a subspace Y of a Banach space X by
Y ⊥ = {x∗ ∈ X∗ : x∗(y) = 0 for all y ∈ Y }.
A closed subspace Y of a Banach space X is called an M-ideal in X
(see, e.g. [12]) if there exists a norm-1 projection P on X∗ with kerP =
Y ⊥ and
‖x∗‖ = ‖Px∗‖+ ‖x∗ − Px∗‖ for all x∗ ∈ X∗.
If, in addition, the range ranP of P is 1-norming, i.e.
‖x‖ = sup{|x∗(x)| : x∗ ∈ ranP, ‖x∗‖ ≤ 1} for all x ∈ X ,
then Y is called a strict M-ideal.
Relations between M-ideal structure and diameter 2 properties were
first considered in [13] where it was proven that if a proper subspace Y
of a Banach space X is a strict M-ideal in X , then both Y and X have
18
the diameter 2 property (see [13, Theorem 2.4]). In [1, Theorem 4.10], it
is shown that, under the same assumptions, one can conclude that both
Y and X have even the strong diameter 2 property. (An immediate
corollary of this is that if a nonreflexive Banach space X is an M-ideal
in its bidual X∗∗, then both X and X∗∗ have the strong diameter 2
property.) In Theorem 4.11, we shall present a simple proof of this
result.
In [11], it is shown that if an M-ideal Y in X has some diameter 2
property, then X has the same diameter 2 property without the as-
sumption that the range of the M-ideal projection is 1-norming. The
duality between diameter 2 properties and octahedrality implies a very
quick proof of this result.
Proposition 4.10 (see [11, Propositions 3, 4, and 5]). Let X be a
Banach space and let Y be an M-ideal in X.
(a) If Y has the local diameter 2 property, then also X has the local
diameter 2 property.
(b) If Y has the diameter 2 property, then also X has the diameter
2 property.
(c) If Y has the strong diameter 2 property, then also X has the
strong diameter 2 property.
Proof. Since Y is an M-ideal in X , one has X∗ = ranP⊕1kerP , where
P : X∗ → X∗ is the M-ideal projection. Since ranP is isometrically
isomorphic to Y ∗, the assertions (a), (b), and (c) follow, respectively,
from Theorem 3.2 combined with Proposition 4.1, (a), from Theorem
3.4 combined with Proposition 4.4, (a), and from Theorem 3.6 com-
bined with Proposition 4.7, (a). 
Proposition 4.11 (cf. [1, Theorem 4.10]). Let X be a Banach space
and let a proper subspace Y be a strict M-ideal in X. Then both Y and
X have the strong diameter 2 property.
Proof. Letting P : X∗ → X∗ be theM-ideal projection, throughout the
proof, for convenience, we identify ranP and Y ∗ “in the usual way”.
By Proposition 4.10, it suffices to show that Y has the strong dia-
meter 2 property. To this end, letting y∗1, . . . , y
∗
n ∈ SY ∗ (n ∈ N) and
ε > 0 be arbitrary, by Theorem 3.6 and Proposition 2.4, it suffices to
find a y∗ ∈ SY ∗ such that
(1 + ε)‖y∗j + y∗‖ ≥ 2− 7ε for all j ∈ {1, . . . , n}.
Choose an x ∈ SX so that d(x, Y ) > 1− ε, and y1, . . . , yn ∈ SY so that
y∗j (yj) > 1− ε. By [14, Proposition 2.3], there is a z ∈ BY such that
|y∗j (x− z)| < ε and ‖ ± yj + x− z‖ < 1 + ε for all j ∈ {1, . . . , n}.
Let y∗ ∈ SY ∗ be such that
y∗(x− z) > ‖x− z‖ − ε ≥ d(x, Y )− ε > 1− 2ε.
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Whenever j ∈ {1, . . . , n}, one has y∗(yj) > −3ε because
1 + ε > y∗(−yj + x− z) > −y∗(yj) + 1− 2ε,
thus
(1 + ε)‖y∗j + y∗‖ ≥ (y∗j + y∗)(yj + x− z)
= y∗j (yj) + y
∗
j (x− z) + y∗(yj) + y∗(x− z)
> 1− ε− ε− 3ε+ 1− 2ε
= 2− 7ε.

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